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ABSTRACT 

A  general  firatnewoik  is  developed  for  the  analysis  of  perfor¬ 
mance  and  robustness  properties  of  tuned  adaptive  control 
systems.  The  analysis  is  specialixed  to  the  ease  of  Model 
Reference  Adj^tive  Control  It  is  shown  that  certain  combi- 
nadotu  of  performance  objectives  and  a  priori  uncertainty 
lead  to  unsolvable  MRAC  design  ptoblertu,  while  other  com¬ 
binations  lead  to  problems  which  can  be  solved  only  by  care¬ 
ful  choice  of  the  reference  model 

I.  INTRODUCTION 


.  M  .I 

tance  of  a  priori  knowledge  of  the  plant  descripdoia  parame¬ 
ters.  fx  "structured  uncertainty."  The  role  of  the  model  choice 
in  determining  perfmnance  and  robustness  is  also  exposed. 

Structured  singular  value  analysis  proves  to  be  a  useful 
tool  in  studying  these  questioiu.  Originally  developed  for 
tmildvariable  control  performance  and  robustnesa  analysis  in 
the  presence  of  multiple  peiturbatioot  [2]  ,  the  structured 
singular  value  allows  one  to  probe  the  perfonnance  of  a 
uined  adaptive  system  with  perturbadons  which 

repseseat  a  priori  structured  uncertainty  u  well  as  post- 
adaptadon  residual  or  unstructured  uncertainty.  The  utility  of 
this  tool  is  illustrated  through  specific  examples. 


Much  attendon  has  been  paid  to  the  quesdoiu  of  stabil¬ 
ity  and  parameter  convergence  of  Model  Reference  Ada^ve 
Controllers  (MRAC’s).  Under  certain  idealised  aunmpdons, 
powerful  results  in  these  areas  have  been  obtained.  More 
teeendy,  considerable  effort  has  been  devoted  to  these  same 
two  quesdons  under  weakened  assumpdons,  including  the 
assumpdon  of  neglected  or  "unstructured"  plant  dynamics  and 
disturbances.  Research  in  this  area,  under  the  banner  of 
"robust  adaptive  control"  is  extensive. 

In  spite  of  this  activity,  certain  other  issues  of  model 
reference  adaptive  contrtd  have  been  neglected.  Even  ignor¬ 
ing  the  difficulty  of  achieving  a  robust  adaptation  pnocess,  the 
Model  Reference  approach  has  certain  inherent  stnictural  lim¬ 
itations.  That  is,  the  "tuned  system"  to  which  MRACs  con¬ 
verge  under  a  model  matching  design  rule  may  not  have  an 
acceptable  level  of  stabiliQr  robustness  or  an  acceptable  sensi¬ 
tivity  fimction. 

Tbit  pMpa  is  devoted  to  the  study  of  the  "design  rule" 
which  calculates  controller  parameten  from  (sometimes 
implicit)  plant  parameters.  A  general  evaluation  firamewotk  is 
fmmulm^  and  it  qrplied  to  the  explicit  evaluation  of  a 
model  reference  design  rule.  The  specific  design  rule  studied 
corresponds  exactly  to  the  Narendra-Lin-Valavani  controller 
in  reference  [3]for  plants  with  (nominal)  relative  degree  equal 
to  one. 


Our  analyses  show  that  certain  levels  of  structured  and 
unstructured  uncertainty  preclude  succeuful  solution  of  the 
design  problem  via  MRAC  methods.  For  these  levels,  perfor¬ 
mance  and  robusmest  goals  cannot  be  guaranteed  under  a 
model  matching  design  rule  regartUess  of  the  choice  of  refer- 
CBCC  model  Alternatively,  other  levels  of  uncertainty  lead  to 
tractable  problems,  with  performance  atrd  robustneu  goals 
achievable  through  careful  choice  of  the  model  These 
results  are  established  both  tireotetically  and  through  exam¬ 
ples. 

The  paper  is  orgaruzed  as  follows.  In  section  R,  we 
develop  a  fonnal  evaluation  framework  for  a  general  class  of 
design  rules.  In  section  m  an  MRAC  structure  is  given,  arrd 
certain  marupulations  are  performed  to  facilitate  its  analysis. 
Section  IV  ^vides  several  theoretical  results  revealing  the 
importance  of  of  a  priori  infonruuioo  in  detecmirting  acltiev- 
able  levela  of  nominal  perfonnance  atxl  robust  stability  in 
tuned  MRAC  systenu.  Section  TV  addresses  these  questioiu 
as  well  as  the  more  advanced  question  of  perfocmance- 
robustness  through  the  use  of  structured  rinyniT  value 
analysis.  Examples  are  given  showing  both  an  uruolvable 
design  problem,  and  a  design  problem  u^tich  is  sttivable 
through  carefhl  choice  of  the  reference  model 

n.  FORMAL  DEFINITION  OF  EVALUATION  CRITERIA 


The  piper  does  not  deal  with  questioiu  of  robust 
identification.  Rather,  we  asstune  that  adaptation  is  complete, 
that  a  plant  description  has  been  obtained  which  is  accurate 
to  within  a  certain  tolerance,  and  that  the  design  rule  has 
been  iqplied  to  construct  the  controller.  Under  these 
anunptions,  we  examirre  the  questions  of  robust  stability, 
nominal  perfornunce,  and  the  mwe  advanced  question  of 
robust  performance.  In  addition,  we  illuminate  the  iirpor- 

Tltii  mcsicb  his  been  ruppomd  by  APaTL  aadrr  Cao«wt  Nwaber 
ro635-<6-C-0138. 


A.  Partitioning  of  Uncertainty 

The  true  system  P  will  be  assumed  to  have  both  struc¬ 
tured  aixl  urutructured  uncertainty.  A  sinple  parameterized 
description  of  the  plant  will  be  In  adi^ve  coninti, 

an  on-line  identification  process  determines  the  parameters  of 
the  description,  either  explicitly  or  implicitly.  The  a  priori 
uncertainty  in  the  parameter  values  will  be  called  structured 
uncertainty.  It  is  recognized  that  regaidleu  of  the  choice  of 
the  parameters,  the  plant  description  will  not  conpletely  des- 


m 


dbe  the  plant  dynamics.  The  residual  error  will  be  called 
unstructured  uncertainty. 

The  relative  amounts  of  structured  and  unstructured 
uncertainty  depend  not  only  upon  a  priori  knowledge  of  the 
system,  but  also  upon  the  system  exciudon  and  the  perfor¬ 
mance  of  the  idendficadon  mechanism.  These  issues  are 
quite  conmlex  and  problem-dependent,  and  will  not  be 
treated  here.  Instead,  we  take  as  a  starting  point  an  a  priori 
set  descripdoD  of  the  possible  levels  of  structured  and 
unstructur^  uncertainty,  without  regard  for  its  origin,  and  we 
study  the  consequences  of  various  control  design  rules  under 
the  given  levels  of  uncertainty.  That  is,  we  will  assume 

P  -  Ps^c)Ptj 
where  /*s(c)€lPf 
and  /*ycPy 

and  Vg  and  Tfj  are  known  sets  describing  the  possible  struc¬ 
tured  plant  descripdons  Ps  and  the  residual  unstructured  plant 
dynamict  Py,  respectively.  Note  that  the  dependence  of  the 
plant  description  on  a  parameter  vector  c  has  been  made 
explicit. 

A  variety  of  uncertainty  set  chaiacterizations  may  be 
chosen.  We  shall  assume  a  cone  of  unstructured  uncertain^ 
given  by 

P  *nd  Pg  have  same  number  of  poles  in  €* 
|£(/(/a>)|  S  Eyijto)  V  ©, 

EyUa)  is  known  a  priori  } 

This  choice  it  popular  in  non-adaptive  robustness  analysis. 

For  the  case  of  structured  unceitainty,  we  will  study 
multiple  charactcrixation  All  are  based  on  the  struc- 

nve  Pg^c)  >  kfNi,(s)tDp(s)  where  Nf  and  Df  are  coprime 
monic  polynomials  of  known  degree  m  and  n  respectively, 
with  Nf  Hurwitz.  kp  it  i.  gain  of  known  sign.  The  parame¬ 
ter  vector  c  represents  the  value  of  kp  and  the  coe^ienu  of 
Np  and  Dp.  Global  uncertainty  will  be  taVm  to  mean  no 
Anther  a  priori  knowledge  of  c.  We  will  also  study  the  rare 
in  which  additional  a  priori  knowledge  exists  in  the  form  of 
a  estimate  of  Dp,  denoted  Dpy,  and  a  known  set  of  possible 
deviations  where  £5  is  defined  implicitly  by 

Dp(s)  -  Dp^s){\  -*■  £,(*))  (1) 

Since  Eg  rqiretentt  polynomial  uncertainty  rather  th«n 
rational  transfer  function  unceitainty,  a  conic  representation 
of  [Eg(J<a))  is  not  natuiaL  Instead  we  will  study  two 
representations  -  one  uduch  contains  the  set  {£j(/a))},  and  a 
second  smaller  representation  which  is  contained  entirely 
within  {Eg(Ja)}.  That  is,  we  shaU  study  the  two  cones 

{£s</®) :  |£jC/a>)|  S  £K>to)}  c  {EgUol)}  (2) 

{Eg(/a) :  |£50«)|  si  ^co)}  V  oj.  3  {E^Uai))  (3) 

udiere  Eg  and  Fg  m  nonnegative  and  known  a  priori.  An 
example  of  the  set  {E^Ja)}  and  the  two  cones  are  illustiated 
in  figure  0.  The  amorphous  depiction  of  {Eg(Ja>)}  illustrates 
that  within  the  above  fiamewoik  lie  many  characterizations 
of  a  priori  knowledge  of  Dp. 


B.  Design  Rule 

The  control  design  rule  is  the  law  governing  the  choice 
of  the  feedbatck  compensator  given  the  parameters  of  the 
plant  description.  The  feedback  compensator  may  be 
described  by  an  operator  K\ 


C  Control  Design  Quali^  Measures 

We  will  adopt  two  important  and  popular  indicators  of 
control  system  quality,  namely  the  sensitivity  and  comple¬ 
mentary  sensitivity  functions.  Classically,  there  functions  are 
examined  in  the  frequency  domain.  We  will  examine  them 
more  fmmally  in  the  weighted  H„  seminorm  suggested  in 
[S],  which  is  a  currently  well-accepted  approach. 

For  the  system  of  Figure  1,  the  sensitiviQr,  denoted 
S(eM,  is  the  transfer  function  from  uj  to  e,  under  the  design 
rule  X  •  assuming  Efj(s)  *  0.  The  sensitivity  of  a 

feedback  loop  is  a  measure  of  how  its  command  tracking  per¬ 
formance  changes  under  perturbations  of  the  matheriutica] 
description.  Small  sensitivity  meaiu  that  the  effect  of  exter¬ 
nal  disturbances  and  small  plant  perturbations  on  the  com¬ 
mand  tracking  accuracy  is  srnall,  and  that  minor  errors  in  ti>e 
plant  description  also  have  a  small  effect  on  the  closed  loop 
response  to  commands. 

We  define  desired  sensitivity  properties  under  a  design 
rule  u  follows. 


Figure  0 

Conic  Cover  and  Conic  Subset  of 
Structured  Uncertainty 


where  Up  is  the  plant  input,  yp  it  the  output,  and  r  is  and 
external  command  input  K  is  determined  by  a  design  rule 
/k- 

£-/x<c.O 

where  c  is  the  vector  of  plant  parameters,  and  /  is  a  vector  of 
designer-selectable  parameters  (for  example,  the  "model” 
choice  in  a  model  reference  scheme).  Since  the  goal  is  to 
characterize  the  post-adaptation  or  "tuned"  system,  K  may  be 
thought  of  as  a  two-input,  one-ouq>ut  lineiu'  time-invariant 
transfer  function. 

We  will  describe  an  aiudysit  of  various  design  rules 
under  the  uncertainty  partitioning  shown  above.  We  well  also 
analyze  an  MRAC  design  rule  explicitly. 


Dcfioition  1:  For  a  given  choice  of  the  parameter  vector  /.  a 
deaign  lule/f  is  destiuitizuig  if  and  only  if 

T  t  c:  )  <  1 

when  £p(/CD)  is  a  chosen  insenstivity  spec,  Le.,  the  invene 
of  the  maximum  tolerable  sensitivity. 

Definition  2:  For  a  given  Vu,  the  design  rule  fg{cj[)  is  poten- 
daffy  desenndting  if,  given  Fs>  there  exists  a  parameter  vec¬ 
tor  /  such  that  the  design  rule  is  desensitizing. 

Note  that  for  a  particular  fixed  value  of  c  and  /,  the 
definition  of  "desensitizing’’  is  the  usual  «tmii  sensitivity 
lequiiement  u  meuured  by  the  //.  seminorm.  We  have 
generalized  this  requirement  to  allow  for  a  set  of  plant 
descriptions,  and  a  d^gn  rule  u  opposed  to  a  single  particu¬ 
lar  design. 

Similarly,  one  can  genet^ize  a  small  con^lesaentaty 
sensitivity  requirement  The  complementary  sensitivity, 
denoted  T\cM,  >*  the  transfer  function  from  uj  to  vj  in  Fig¬ 
ure  1,  under  the  design  rule  K  -  It  is  an  important 

measure  of  stability  robustness'.  Small  complementary  sensi¬ 
tivity  meaiu  that  stability  can  be  guaranteed  even  wha  errors 
in  t^  plant  description  are  quite  large. 

We  define  desired  stability  robustness  properties  under  a 
design  rule  as  follows. 

Definition  3:  For  a  given  choice  of  the  parameter  vector  f,  a 
design  rule  is  robustly  stabiludng  if  and  ^y  if 

0)  the  system  is  stable  when  E(;  -  0 

t  c:  mc4M\Eum)  }  <  1 

Definition  4:  For  a  given  V(f,  the  design  rule  is 
poUHtiaUy  robustly  stabilising  if,  given  Fj,  there  exists  a  the 
parameter  vector  /  such  that  the  design  rule  is  robustly  stabO- 
izing. 

The  following  lemma  indicates  how  a  design  rule  can  be 
proven  to  fail  regardleu  of  the  choice  of  the  parameter  vector 

L  _ 

Lemma  1:  For  a  design  rule  to  be 
pountially  robustly  stabilising  it  is  necessary  (but  not 
suffideot)  that 

y  L  P^Vs  «• 


The  proof  follows  directly  from  the  rfefiniurmf  aixl  a  com¬ 
pletely  analogous  lemma  holds  for  "potentially  desensitizing.” 

Note  that  the  above  definitions  apply  to  ad^rtive  and 
non-adaptive  systems  alike,  provided  tlut  the  adaptive  con¬ 
troller  converges  to  an  LTl  controller  K(s).  Such  conver- 
geitce  is  usumed  to  bold  throughout  the  paper.  To  achieve 
convergence  is,  of  course,  a  major  difficulty  in  itself. 

m.  ANALYSIS  OF  AN  MRAC  STRUCTURE 
A.  The  Structure 

A  model  reference  adaptive  control  structure  is  shown  in 
Hgure  2.  Id  the  figure,  are  ooprime  monic  {riant 

polynomials  of  degree  m  and  n  respectively,  with  Nf 
Hurwitz.  kf  it  s  gain.  Ef;  represents  the  urutructured 
dynamics,  u  desribed  earlier.  A](r)  is  a  designer-chosen 
strietly-stable  monic  polynomial  of  degree  n-m  -l.  The  last 
coefficient  of  is  chosen  to  be  1  so  that  A|(/(D)  s  1  over 
frequencies  of  interest  The  reference  model  is  kyNtt/D^f 
whm  Ny  and  Du  are  monic  Hurwitz  polyiromials  of  degree 
m  and  n  respectively.  6.  and  By  ate  vectors  of  adjustable 
panmeten  of  dimension  m  and  n  respectively. 

Remark:  This  structure  is  the  same  as  that  of  Narendn, 
Lin,  and  Valavani  [3]  except  that  the  dimension  of  6.  has 
been  reduced  firom  n-l  to  m,  and  the  filter  preceeding  6.  has 
a  reduced  numerator  and  denominator  degree.  For  the  spe¬ 
cial  case  of  a  relative  degree  one  plant  i-c-,  for  m  «  i»-l, 
these  differences  disappear,  and  the  struenue  is  exactly  drat 
of  P). 

Hgure  3  is  a  post-adaptation  rquesentation  of  the  struc¬ 
ture.  That  is,  it  is  a  valid  represent^on  when  the  adjustable 
gains  are  held  constant  This  is  appropriate  for  our  tuned- 
system  analysis.  In  Figure  3,  C(s),  D(r),  c,  are  polynomials 
of  degree  n-l,  n-l,  0  respectively. 


Figure  2 

An  MRAC  Structure 


A  Generic  Feedback  System 


M  lunec  dirucTure  htepreseniaiion 


B.  The  Design  Rule 

Since  we  explicitly  allow  for  peituibatioat  in  our 
analysis,  we  may  define  the  ideal  system  by  assuming 
Efj  m  0  and  A)  >  1.  We  shall  define  the  tuned  system  under 
these  auunq>tions.  and  later  include  Ey  and  Aj  as  perturba¬ 
tions  in  the  analysis  of  the  system.  (Note:  in  the  case  of 
relative  degree  1  nominal  plant  descriptions.  A}  is  identically 
1,  and  only  Efj  is  neglected.) 

Under  the  assumptions  £(/  -  0  and  Aj  >  1,  the  MRAC 
design  rale  enforces  a  model-matching  criterion  given  by 
cJc^f{s)N^s)  kyN^S) 

Df(s)(f^u(s)*Cls))-kfNf(.s)Dis)  "  Dj/r)  ^  ^ 

The  design  rule  fg  is  defined  in^lidtly  by  this  equatioa. 

C  Algebraic  Implicadons  of  the  Design  Rule 

It  can  be  proven  (e.g.  in  [4]  )  that  the  model-matching 
criterion  uniquely  defines  C(s)  snd  D(r)  in  terms  of  the 
plant  and  model  parameters.  Unfortnnately,  the  relationshq) 
of  C,  and  D  to  the  plant  and  model  it  not  very  tran¬ 
sparent  In  order  to  perform  a  study  of  the  implicationt  of 
tte  design  rule  on  performance  and  robustoess,  some 
simplifications  are  required.  This  section  detcribet  the  alge¬ 
braic  manipulatiotu  which  accotrqrlish  this  sirrqrlificatiotL 

Hrst,  note  that  the  munenlor  and  derKwninatnr  of  the 
left-hand-side  of  (4)  have  degree  greater  than  the  numerator 
and  denomirutor  of  the  right  hand  side.  It  follows  that  m 
pole-zero  cancellaticxu  occuf.  Equating  the  numerators 
reveals  that  the  cancellatioiu  involve  die  roots  of  Nf,  One 
finds  that  the  design  rule  is  equivalent  to  the  following  rules: 

ejcf  -  ktf  (5) 

+  C(r))  -  kfN^sWs)  -  Nf{s)Duis)  (6) 

Equation  (6)  is  a  polynomial  equality  valid  for  all  s. 

One  can  simplify  the  equations  by  mminiwg  interesting 
choices  of  s.  In  particular,  let  Sj  be  a  zero  of  Np(,s).  Then 
equation  (6)  becomes 

+  CUd)  -  0  (7) 


Us) 


D^s)-D^t) 


(13) 


f)e(j)Ai(r) 

Note  that  further  simplification  occurs  in  the  case  of 
relative  dcgreec  1  nominal  plants,  since  then  A|  •  1. 


IV.  EVALUATION  OF  THE  MRAC  STRUCTURE 


A.  Coodidoos  for  Robust  Stability 

1.  Robustness  Under  Global  Uncertainty 

In  [3]  a  design  rule  similar  the  one  studied  here 
(exactly  the  same  when  n-msl)  was  proven  to  be  globally 
stable.  That  is,  the  closed  loop  system  was  stable  for  any 
value  of  the  coefficientt  of  Nfi,s)  and  Dfis),  subject  to  a 
miwiminw  phase  requirement  on  Taking  this  same  strac- 
Ured  uncertainty  as  P5  in  our  analysis,  we  find  that  the 
robustrreu  margins  with  this  design  role  are  extremely  small. 

Theorem  '1:  Under  global  s^hired  uncertainQr,  if  the 
unstructured  uncertainty  bound  EfjUta)  is  strictly  gicaxa  than 
(Ai(jCi>)  -  1)  for  any  m,  the  MRAC  design  rule  is  not  poten- 
tiaUy  robustfy  stabilizing. 

Proof:  Examination  of  (12)  reveals  that  u  octe  allows 
the  magnitude  of  Dp(.s)  approach  infinity,  keqnng  other 

coefficients  fixed,  lT(/a))|-» — ~ — r-  "nn** 
t  AiC/to)  -  1 

Since  this  is  true  for  each  /, 

Ixmtna  I  completes  the  proof.  □ 

Since  Ai  is  approximately  1  over  the  fiequency  range  of 
interest  iit  the  control  problem,  the  stability  margin  is  «»n«ii 
Moreover,:we  have  as  a  corollary  that  the  margin  is  zero  in 
the  case  of  relative  degree  one  plants: 


Since  Nf  and  Df  are  coprime,  DfUd  >*  oot  zero,  hence 

+  C(Si)  -  0  (g) 

Since  this  is  true  for  all  m  zeros  of  Nf,  and  since  Nff  4-  C  has 
exactly  m  zeros, 

JVi/j)  +  C(J)  -  N^r)  (9) 


Corollary:  For  relative  degree  one  plants,  the  MRAC  design 
rule  is  not  potentially  robustly  stabilizmg  under  global  struc¬ 
tured  uncertainty  unless  the  urutructured  dyiuunics  are 
assumed  to  be  exactly  zero. 

2.  Robustness  Under  Bounded  Uncertainty 


Substituting  (9)  into  (6)  and  dividing  by  Nf  one  obtaim 
k,D(s)  ~  Df(s)  -  Dt^s)  (10) 


Examination  of  Figure  3  in  light  of  equations  (9)  and 
(10)  reveals  the  sensitivity,  complementary  sensitivity,  and 
loop  transfer  functions: 


5(i) 

T(a) 


Df(.s)At(s) 

Df(s)(Ai^s)~l)  +  Du(,s) 
D,is)-Du(s) 
DXj)(A,(s)  -  1)  +  D^j) 


(11) 


Even  when  the  structured  uncertainty  is  not  global,  there 
may  be  ix>  choice  of  die  reference  mo^  which  results  in 
robust  stability. 

Consider  the  case  of  a  leladve-degree-one  plant  with 
denominator  uncertainty  including  a  known  cone,  as  given  by 
(2). 


Theorem  2:  Under  these  conditions,  a  necessary  condition 
for  potenaai  robust  stability  is: 

Es(Ja>)E(/(Ja))  <1  for  all  fi>  where  EcjOto)  >  1 


(12) 


lYoof:  ResanUeu  of  Dy,  exiitinizing  equadoo  (12)  subject 
to  i£s(/oi>)|  <  g  yields 


lDw^J  +  &lD^_ 


ID^,^  +  ID«1 

Now,  by  the  methods  of  calculus  one  can  infemize  this  Ust 
quantity  over  all  I>m(/(0)  with  the  result  that  at  the  tnfenuun, 
the  inequality  brromcs  an  equality,  and  one  has 


/0»|- 


fcX/os)  if£s(/(D)2;l 

if&<l 


which  is  logically  equivaleot  to  the  theorem.  □ 

This  theorem  inq>lies  that  for  some  oombinadons  of 
stiuctuied  and  nnstiuctaied  uncertainty  one  cannot  guarantee 
stability  by  choice  of  the  modeL  Furthennore,  u  a  minimal 
requirement  for  stabiliQ'  guarantees,  one  must  know  die 
structured  plant  denominator  well  a  priori  in  those  frequency 
ranges  where  large  robustness  margiiu  are  desired. 

The  theorem  only  provides  a  necessary  ooodidon  for 
two  reasons.  Rrst,  an  opdmizadoo  was  performed  pointwiae 
at  each  frequency  to  determine  (or  at  least  limit)  Dyijat). 
However  dim  is  no  guarantee  that  there  exists  a  Hurwitz 
polynomial  of  degree  n  which  has  exacdy  this  frequency 
response.  Since  the  only  allowable  choices  for  in  the 
M]^C  structure  are  Hm^tz  and  degree  n,  diere  is  perhaps 
no  model  which  provides  robust  stability  even  when  Theorem 
2  is  satisfied.  Second,  the  lower  boimd  in  (2)  need  not 
represent  the  conqdete  family  of  pouible  plants. 

Somewhat  stronger  condidw  ate  actually  sufficient  for 
robust  stability. 

Theorem  3:  For  a  reladve  degree  one  plant  and  a  conic 
bounded  structured  uncertainty  ball  Dp  >  f>ro(l  +  £5).  a 
su^ient  condidon  foe  poteiuioi  robust  stability  it; 

Dp^s)  it  Hurwitz,  and 

^^JfO)Efj(Ja))  <  1  V  « 

IPnof:  Choosing  Dy  m  DpQ  and  ^iplying  equadon  (12) 
yields 

^  -  EiUtp)EvU<o) 

The  theorem  then  follows  from  the  definition  of  robust  stabil* 
ity.  □ 

It  is  worth  noting  the  mcrifice  that  wu  made  in  achiev¬ 
ing  robust  stability  in  this  theorem.  A  consequence  of  choos¬ 
ing  the  model  poles  to  be  die  0  priori  nominal  plant  poles  it 
poor  sensidvity.  For  example,  when  the  plant  happens  to  be 
exacdy  the  a  priori  estimate,  the  sensitivity  is  one  at  all  fre¬ 
quencies  (equadon  (11)  with  Aj  m  l.  Dp  m  Dy  m  D^  Such 
issues  motivate  the  study  of  simultaneous  performance  and 
robustness  through  a  single  model  choice,  which  it  treated 
later. 


B.  Conditions  for  Desensidvity 

1.  Desensidvity  Under  Global  Uncertainty 

Theorem  4:  If  the  sensitivity  specification  |£X/q))I  is  ttriedy 
greater  than  (AiOco)  -  l)/A|C/(o)  fat  any  (o,  then  for  any 
choice  of  the  niodel,  the  system  is  not  desensitising  under 
jjobal  uncertainty. 

Proof:  Using  the  sensitivity  expression  (11),  the  definition  of 
desensidvity  becomes 

_«P  J - gfOf>)AlO0)) - l£X>0))l<  1  V  09 

D^XAiO'a)-!)  +  D«Oo9)  I 

The  theorem  follows  by  letting  tqjproach  infiniQr.  □ 

Corollary:  For  relative  degree  one  plants,  no  design  it  desen¬ 
sitizing  when  EfiJto)  >  0  for  any  dt. 

2.  Deaeruitivity  Under  Bounded  Uncertainty 

Theorem  5:  For  the  case  of  a  relative  degree  one  plant  and  a 
conk  bounded  structured  denominator  uncertainty,  the 
MRAC  design  is  ^ways  potentially  desensiiixing,  pro¬ 
vided  that  (l+Es(J(a))EpUte)  <  1  for  sufficiently  large  a. 
(This  it  a  very  reasonable  requaement.)  Moreover,  a 
si^ficient  condition  for  a  given  model  choice  to  be  deseiuitiz- 
ing  is 


DyiJOi) 


1(1  +  EsUai))EpU0)  <  1  V  e#. 


Proof:  Applying  the  sensitivity  expressioo  (11)  and  the  cook 
bound  on  to  the  definition  of  dcsensitiviQr,  one  finds 
desentitiviqr  is  implied  by 


sup 

|£sO»)l< 


V  _  Jj££2. 

<  Dy 


||l  +  £5l£,^<l  Vm 


The  fact  that  the  stmeoue  is  always  potentially  desensi¬ 
tizing,  ix.,  that  there  always  exists  some  model  satisfying  the 
condition  of  the  theorem,  follows  by  simply  letting 
approach  ••.  □ 

IV.  COMBINED  PERFORMANCE  AND  ROBUSTNESS 

While  previous  sections  have  examined  questions  of 
desentitivity  and  stability  robustness,  in  practice  one  is  not 
ttrisfied  with  a  controller  that  has  ooly  one  of  tiiese  proper¬ 
ties  -  it  must  have  both. 

In  this  section,  we  describe  a  general  analysis  technique 
for  tuned  adaptive  systems.  The  technique  is  appropriate  for 
addreuing  the  separate  questions  of  stability  robustness  and 
desensitivity,  u  as  the  more  advanced  question  of  robust 
performance.  Robust  performance  implies  not  only  a  guaran¬ 
tee  of  stability  under  all  structured  and  unstructured  uncer¬ 
tainty,  but  also  a  guarantee  of  a  certain  kvel  of  desentitivity 
under  the  entire  set  of  uncertainty. 

The  theoretical  foundation  both  for  the  definition  of 
robust  performance  and  its  evaluation,  it  the  structured  singu¬ 
lar  value  theory  ( [1)  J2]  ). 


A.  The  Design  Specification 

The  question  of  whether  a  desensidvity  specificadra  is 
under  system  uncertainty  may  be  transfonned  into  a 
robust  stability  analysis  problem  (  [1]  ).  The  technique 
involves  introducing  an  addititmal  unstructured  uncertainty 
E/ii)  into  the  system,  with  the  input  to  Ef  being  of  Figure 
1,  and  the  ouq>ut  being  the  no^  of  Figure  1.  One  assumes 
diat  the  peiturbadon  Ef  is  stable  but  unknown  except  for  the 
bound  |£^(/(0)|  <  EfUta)  ^  m.  Here  ^  is  the  desensitivity 
specification  which  appears  in  definition  1.  If  the  system  it 
robustly  stable  under  all  uncertainties  including  thU  added 
(fictitious)  uncertainty,  then  the  actual  system  satisfies  the 
desensidvity  spec  (d^nition  I)  under  the  entire  set  of  actual 
uncertainty  ( [1]  }. 

For  the  special  case  of  the  structure  at  hand,  one  may 
use  die  algebraic  results  of  section  m  to  manipulate  the  tuned 
system  representation,  obtaining  the  equivalent  representatkm 
of  Hgure  4.  In  Hgure  4,  the  added  uncertainty  block  Ef  has 
been  included  u  described  above.  In  addition,  we  have 
defined  the  structured  uncertainty  £5  in  the  figure  implicitly 
by  D/^j)  -  Df^sYX  +  £s(r)),  u  desribed  previously. 

One  specifies  the  control  system  objectives  by  specify¬ 
ing  the  size  of  the  uncertainties,  and  the  desired  p^onnance 
urukr  these  uncertainties. 

Definition  5:  The  Design  Specification  is  formed  by  the  seta 
describing  £j,  £(/,  and  Ef,  with  the  interpretation  that  one 
requires  the  desensitivity  iruiicated  by  £^  be  guaranteed 
under  the  uncertainty  iruiicated  by  £5  and  Ey. 

Definition  6:  The  Design  Measure  is  the  inverse  of  the  larg¬ 
est  factor  by  which  all  of  the  uncertainty  sett  in  Figure  4  can 
be  scaled  while  retaining  a  guarantee  M  stability  of  tbe  sys¬ 
tem  of  Figure  4. 

By  tbe  above  discussion,  "Design  Measure  £  1"  indi¬ 
cates  that  the  Design  Specification  it  met.  "Design  Measure 
>  1"  indicates  tiiat  the  Design  Specification  is  not  met 


Evaluation  of  the  Design  Measure  it  aided  by  existing 
structured  smgular  value  analysis  software.  Currently,  tbe 
software  can  e^iently  evaluate  tbe  stability  of  tbe  general 
system  of  Hgure  5,  where  M(s)  is  a  known  transfer  function, 
and  the  AjitT-KT  are  both  analytic  and  bouruled  by  one  in  the 
right  half  plane,  but  otherwise  unknown.  For  perturbations  of 
size  other  than  one,  the  uncertainties  may  be  factored  into  a 
unity-bounded  parts  and  known  scaling  factors.  The  scaling 
factors  nuy  thra  be  absorbed  into  the  system  M(s).  Such 
(derations  are  routine  in  multivariable  controL 

The  ouqrut  of  the  software  it  a  teal  number  for  each 
ftequency  m,  equal  to  the  reciprocal  of  the  largest  factor  by 
which  all  the  Aj’t  can  be  scaled  before 
det[/  -  duig(d,Oca))AfO'a>)]  vanishes.  Thus,  if  the  maximum 
of  ^  over  all  frequencies  is  lets  that  unity,  the  system 
remains  stable,  while  if  the  maximum  exceeds  unity,  it  will 
be  unstable  for  tome  value  of  the  A^’t.  It  follows  that  ^  ptx>- 
vides  a  direct  evaluation  of  our  Design  Measure,  provided 
only  that  the  three  uncertainty  blocks  in  Figure  4  ate  unstruc¬ 
tured. 

Of  course,  £5  is  not  unstructured.  Nevertheless,  the 
structured  singular  value  analysis  may  still  be  applied  to  the 
tuned  MRAC  through  a  two-step  procure. 

First,  tbe  cone  covering  {£.{(/(o)}  (radius  ■>  ^)  it  used. 
The  structured  singular  value  analysis  then  determines  if  the 
system  of  Figure  4  is  stable  with  this  corse  of  imcertainty.  If 
to,  it  is  also  stable  with  the  smaller  set  {£5},  which  implies 
that  the  Design  Specification  it  met  Letting  pr  represent  the 
ouq>ut  of  this  structured  singular  value  analysis,  is  an 
upper  bound  on  the  Design  Measure. 

Second,  a  cone  within  {£jC/Ci>)}  (radius  -  g)  is  used.  It 
it  a  minimal  requirement  that  this  simUct  uncertainty  be 
toleiable.  Perfmming  a  structured  singular  value  analysis  and 
denoting  the  output  y,  is  a  lower  bound  on  tiie  Design 

Measure.  Clearly,  the  Design  Specification  is  violated  if  (i  it 
greater  than  one  at  any  frequency. 


B.  Structured  Singular  Value  Analysis 

Structured  singular  value  analysis  was  originaUy 
developed  for  the  evaluation  of  multivariable  control  system 
robuttneu.  As  we  shall  show  in  examples  to  follow,  the 
structured  singular  value  has  innxxtanoe  in  analysis  of  tuned 
adaptive  control  systems  as  welL 

'  ^*1 


C  Exao^le* 

1.  A  Scdvable  MRAC  Design  Problem 

Consider  a  nominal  plant  with  diegree(D^)  •  2,  and 
degree(A/^)  -  1,  and,  thus,  a  relative  degree  of  1.  Let  the 
model  denominator  be  m  +  2Qr  -f  100.  Since  the  plant 
and  model  numenton  do  not  enter  into  our  analysis,  we  need 
only  «««»»«>  that  both  have  roots  in  the  open  left  half  plane. 
Let  an  a  priori  estimate  of  the  plant  denominator  be 
16  with  the  a  priori  error  bound: 

Df{s)-Df^s)  -  S,s  -t-  Sj  where  lOOSf  >  £  400.  (14) 

Defining  £5  in^lidtly  by  Df(,s)  -  D^rXl  £s(r))  yields 
*■  (Si*  S^(*^  +  is+  16).  Then  for  each  m,  the  set 
of  BtrucOiied  uncertainty  {£(/o)}  in^lied  by  equation  (14)  is 
re  ellipse  with  nuuar  (minor,  respectively)  radii 
EiU(0)  (&(/“»  - 

fl  2j  II  20  ll 

max  (mm,  resp.)  \  l-^ — - — 1,  l-j-— - — |  ^ 

[ir  +  8r+16|  jr  +  8j+16|J 

Here  £5  and  g  serve  as  radii  for  a  conic  cover  and  a  conic 
subset,  as  described  in  section  IL  Thus  one  can  describe  re 
inscribed  eoae  and  a  conk  bound  by 

As  the  Design  Specification,  let  the  size  of  the  unstruc¬ 
tured  dynamks  to  be  tolerated,  and  the  desired  desensitivity 
be  given  by: 

£^r)  .  A,(r)W'X*).  W^r)  - 

Using  die  cook  cover  %  and  perfonning  a  structured 
singular  value  analysis,  we  obtain  re  upper  bound  on  the 
Design  Measure,  shown  in  Figure  6.  Since  the  Design  Meas¬ 
ure  is  less  than  one  everywhere,  the  MRAC  controller 
designed  for  the  specified  will  satisfy  the  Design 
Specification  (if  it  converges). 


Figure  6 

An  Upper  Bound  on  the  Design  Measure 
For  a  Successful  Design 


It  is  worth  noting  that  this  analysis  it  re  entirely  a 
priori  analysis  of  the  full  set  of  possible  post-adaptatko  sys¬ 
tems. 

One  may  perform  this  a  priori  analysis  for  a  variety  of 
designs.  It  it  reasonable  to  assume  that  the  desentitivity 
requirements  u  well  as  the  size  of  the  structured  and  uiutruc- 
tured  uncertainty  sett  are  fixed  features  of  a  design  task.  The 
design  parameter  which  may  be  chosen  it  the  reference 
model,  through  which  the  tuned  controller  it  in:q>lkitly 
designed. 

The  separate  performance  and  robustneu  properties  stu¬ 
died  in  section  IV,  u  well  u  the  requirement  that  the  model 
be  stable,  provide  limiu  on  the  choice  of  models  that  need  be 
considered.  Within  these  limits,  a  mr'*el  choice  may  or  nuy 
not  satisfy  the  more  challenging  and  more  important  goal  of 
robust  p^ormance  under  the  full  set  of  uncertainty.  For 
each  choke  of  the  model,  one  may  use  the  structured  singu¬ 
lar  value  analysis  to  classify  the  design  as  either  (1)  satin¬ 
ing  the  design  specification,  (2)  vitiating  tte  design 
specification,  or  (3)  indeterminate  through  the  structured 
singular  value  analysis. 

Keeping  all  but  the  model  choke  the  same  as  above,  a 
claasiflcation  of  the  design  has  been  performed  for  a  grid  of 
possible  model  choices,  with  the  results  shown  in  Figure  7. 
The  figure  illustrates  the  fact  that  staixiard  tuned  model  refer¬ 
ence  systems  can  satisfy  control  objectives  in  some  problem 
settings,  provided  that  the  model  is  carefully  chosen. 

2.  An  Unsolvable  MRAC  Design  Froblem 

With  precisely  the  same  performance  objective  and  the 
same  set  of  unstructured  uncertunty  at  in  the  previous  exam¬ 
ple,  the  design  task  becomes  intractable  wfare  the  a  priori 
uncertainfy  becomes  too  large.  Let  the  size  of  {EgUfH)} 
become  larger  by  a  factor  of  10.  This  corresponds  to  the  a 
priori  information 

lOOSf  +  40000.  (15) 

Repeating  the  procedure  of  the  first  example,  but  using  the 
inscribed  uncerainQr  cone  in  the  structure  singular  value 
analysis  to  obtain  a  lower  bound  on  the  design  margin,  one 
obtains  the  result  shown  in  Hgure  8.  Since  |i>  1  at  tome 
firequencks,  die  design  does  not  satisfy  the  Design 

Exploration  of  alternate  model  chokes  indicates  tiiat  one 
cannot  meet  the  Design  Specification  through  choice  of  the 
design  parameter.  The  ooriespooding  figure  to  Hgure  7 
would  thaw  all  designs  to  be  classified  as  violating  the  tpoc. 

This  example  illustrates  that  the  standard  model  refer¬ 
ence  ad^ve  control  structure  cannot  solve  certain  practical 
control  design  tasks,  even  under  the  greatly  simplifying 
auurrqrtion  that  successful  identification/adaptation  6oei  take 
place. 


V.  CONCLUSIONS. 

When  one  takes  into  consideration  the  usual  pcrfor- 
mance  and  robustness  requirements  of  a  control  system,  a 
model  reference  adqrtive  control  problem  may  be  ill-posed  in 
the  seiue  that  the  tuned  system  mdicated  by  the  model 
nmehing  design  rule  may  not  be  acceptable.  However, 
through  the  analysis  finuneworic  of  this  paper,  one  can  deter¬ 
mine  whether  a  design  rule  will  lead  to  an  acceptable  system, 
convergence  is  achieved.  Only  is  su^  cases  need 
one  be  concerned  with  the  (formidable)  question  of  robust 
identification. 
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